A study of properties of the symmetry energy of nuclei is presented based on density functional theory. Calculations for finite nuclei are given so that the study includes isospin dependent surface symmetry considerations as well as isospin independent surface effects. Calculations are done at both zero and non-zero temperature. It is shown that the surface symmetry energy term is the most sensitive to the temperature while the bulk energy term is the least sensitive. It is also shown that the temperature dependence terms are insensitive to the force used and even more insensitive to the existence of neutron skin. Results for a symmetry energy with both volume and surface terms are compared with a symmetry energy with only volume terms along the line of β stability. Differences of several MeV are shown over a good fraction of the total mass range in A. Also given are calculations for the bulk, surface and Coulomb terms.
I. INTRODUCTION
Moderate to heavy nuclei have neutron excesses due to the growth of the Coulomb energy. The neutron/proton ratio N/Z drifts to higher values with increasing A with a value ∼ 1.5 near A = 200. The isospin index I = (N − Z)/A varies with neutron -proton difference and reaches a value ∼ 40/200 = 0.2 near Pb and somewhat higher for the very heaviest nuclei. For I = 0 the binding energy of nuclei then acquires an isospin asymmetric part with a dependence that is I 2 A for the volume term. In finite nuclear systems a surface symmetry energy is also present and has a contribution with dependence I 2 A 2/3 . The energy per particle has a well known expansion in terms of a liquid droplet model known as the Weizsacker mass formula [1] [2] [3] [4] [5] [6] [7] . The nuclear symmetry energy along with the Coulomb energy determines the nuclear β stability line. Nuclei away from the valley of β stability will be explored in future rare isotope or exotic beam accelerator experiments. Systems with much higher neutron excess are encountered only in neutron stars which can have values of I approaching unity. In neutron stars only the volume part of the symmetry energy is important. However, extracting the volume part of the symmetry energy in finite nuclei requires an analysis of both the volume symmetry and surface symmetry energy terms. An analysis of the division of the symmetry energy into volume and surface terms should lead to a better extrapolation of the symmetry energy to the limits involved in neutron stars.
The isospin dependence of binding energies arises from the underlying isospin structure of the nuclear force between nucleons [7] . In particular the force has terms involving the isospin operator τ in the isospin conserving form τ i · τ j which arises from the exchange of isovector mesons. Isospin symmetry is broken basically by the Coulomb force [8, 9] . A small amount of isospin breaking is also present in the nuclear interaction. Nuclear properties explored with heavy ion collisions result in systems that are not at temperature T = 0. Non-zero temperatures bring in entropy considerations in hadronic systems. Specifically, the Helmholtz free energy F = E − T S becomes an important thermodynamic function with natural variables of volume V and temperature T . Nuclear phase transitions are governed by the Helmholtz free energy where energy factors and entropy terms compete to determine the cluster distribution seen experimentally [10, 11] . Isospin properties appear in phase transitions in two component nuclear systems. An important example is isospin factionization [10] [11] [12] [13] [14] where the dilute gas phase prefers a much larger neutron excess than the denser liquid phase. The Coulomb force also plays a role in isospin factionization just as it does in determining the nuclear stability line [15] [16] [17] . Similarly, the phase diagram of nuclei is a function of temperature, density and proton fraction which are governed by the interplay of Coulomb and symmetry terms [15] [16] [17] . An extensive study of the role of isospin in heavy ion collisions can be found [18, 19] . Discussions of the symmetry and surface symmetry energy and how to place limits on the coefficients associated with them can be found in Ref. [20] [21] [22] . The role of isospin asymmetry and symmetry energies in nuclear astrophysics are extensively discussed in Ref. [22] . This paper is devoted to a study of nuclear energies using density functional theory based on a Skyrme interaction. The study involves the following features. A). The nuclear system is finite so that both volume and surface terms appear. B). An N = Z asymmetry is present so that the more general case of isospin I = 0 is considered with volume and surface symmetry energies both present. C). The proton component is charged generating a Coulomb interaction. D). The system is allowed to be at temperature T = 0 and entropy features are present. The nuclear system is therefore non-degenerate. However, the temperature is low enough so that an expansion around the degenerate limit can be used. In Sect.2 the basic relations are summarized. The temperature dependence of nuclear energy of finite nuclei are discussed in Sect.3 and concluded in Sect.4. Appendix A gives some semi-analytic expressions for integrals used in the density functional theory.
II. FINITE TEMPERATURE DENSITY FUNCTIONAL THEORY AND THE SYMMETRY AND SURFACE SYMMETRY ENERGIES IN NUCLEI.
A density functional theory will be used to study properties of finite nuclei at non-zero temperature and also at temperature T = 0 as a limiting situation. We will limit the temperatures to the low temperature regime so that thermodynamic functions can be expanded about the degenerate limit and the T → 0 can be done. The high temperature limit is an expansion about an ideal gas and is appropriate for studies of the liquid-gas phase transition [15] [16] [17] 23] . In this density functional approach a Skyrme Hamiltonian is used which is
The H( r) has a bulk part H B ( r), a surface part H S ( r) with gradient terms and a Coulomb term H C ( r). The gradient terms are important in finite nuclei and the Coulomb term is important for the charged proton component. The t 0 , t 1 , t 2 , t 3 and x 0 , x 1 , x 2 , x 3 are parameters. Different choices of these parameters give rise to different Skyrme interactions. Here, we consider two Skyrme interactions, SKM(m * = m) and SLy4. These two Skyrme interaction have parameter sets given in Table I of Ref. [23] . The m * is the effective mass which is given by
At low T or high density, the nearly degenerate proton and neutron Fermi gases have
The first term in square bracket is the degenerate limit and the T 2 term is the finite temperature correction. The E Kq is the kinetic energy density, where q = p for protons and q = n for neutrons.
Since our calculations are done at finite T , entropy S and Helmholtz free energy F become important quantities with the connection to the energy E through F = E − T S. The entropy density is
for low T or high density to first order in the expansion about the degenerate limit. The density distribution used in the evaluations presented in this work is
In our evaluation we will first take the proton and neutron radii R to be the same and also the diffuseness parameter a to be the same. The central density parameter ρ pc and ρ nc are determined to give the correct number of proton Z and neutron N . With this choice of the density we can integrate the energy density of Eq.(1) explicitly (see Appendix) and thus the energy E(A, Z, T ) becomes a function of nuclear size R for a fixed value of diffuseness parameter a. For each nucleus with Z protons and N neutrons at a temperature T the nuclear size R can be determined by minimizing the Helmholtz free energy. We will also compare this situation with a case where the central densities ρ qc are the same but the proton and neutron radii, R p and R n , are different. The main quantity of interest here will be
where
The E dif and E ex are the coefficients for the diffuseness correction and the exchange correction to the Coulomb energy. For the pairing correction with constant ∆, c = +1 for odd-odd nuclei, 0 for odd-even nuclei, and −1 for even-even nuclei. The above formula at T = 0 is the well known Weizacker semiempirical mass formula [1, 24, 25] studied extensively by Myers and Swiatecki [26] [27] [28] [29] . Early studies excluded the surface symmetry term S S and only the surface term E S was included. The values of the coefficients as found in textbooks such as Ref. [7] are B(0) ≈ 16, E S (0) ≈ 17, and S V (0) ≈ 24 in MeV. The ratio E S /B of surface to bulk energy at T = 0 is very close to unity. With regard to the volume symmetry term about 1 / 2 the numerical value of the coefficient S V (T = 0) comes from kinetic energy considerations for two degenerate Fermi gases of proton and neutrons. Specifically, the kinetic energy contribution is simply related to the Fermi energy E F as
The other 1 / 2 of the symmetry energy coefficient arises from interaction terms. For systems with a neutron excess, the neutrons and protons experience interaction potentials. In an independent particle model the average potential, (called a Lane potential, see Ref. [7] ), felt by a neutron or proton differ. The potential is written in the form
with t z = 1/2 for neutrons and t z = −1/2 for protons. A total potential energy can be obtained by summing the one body potential energy and taking 1 / 2 of the result to give
A depth V 1 = 96 MeV gives S V (0) pot = V 1 /8 = 12 MeV, the remaining part of the symmetry energy coefficient S V (0) = 24 MeV. More recently, the importance of a surface symmetry term has been noted. Several calculations at T = 0 have been presented regarding this term [20] [21] [22] . Considerable variation in the ratio of the T independent surface to volume symmetry energy with the difference R n − R p were noted [22] . Here our focus will be on the T -dependent features which arises from the kinetic energy terms and effective mass terms. The Coulomb energy E Coul for a proton distribution of Eq.(5) (see p.145 and p.160 of Ref. [7] ) is
with R = r 0 A 1/3 . For a = 0.53 fm and r 0 = 1.25 fm, E C = 0.6912, E dif = −1.43081, and E ex = −0.5278064 in MeV unit.
III. TEMPERATURE DEPENDENCE OF ENERGY OF FINITE NUCLEI
To obtain the temperature dependence of the various coefficients, the Helmholtz free energy is minimized for various nuclei along β stability line with Z protons and N neutrons from 20 Ne to 208 Pb. The Eq. (6) is then used to obtain the TABLE I: Energy coefficient minimizing free energy in MeV unit. The rows labeled with "T 2 term" are the expansion of the coefficient of the explicit T 2 -dependent term of the kinetic energy coming from the T 2 term in Eq.(3), the kinetic energy term, and the rows labeled with "T -indep." are the expansion of the remainders in E(A, Z, T ). The rows labeled with "T 2 (Rn = Rp)" are for Rn = Rp and are explained in text. All other rows are for Rn = Rp. expansion coefficients of energy. The results for two different Skyrme interactions, SKM(m * = m) with no effective mass and SLy4 with a density dependent effective mass of m * /m = 0.7 at nuclear matter density [23, 30] , are presented in Table I . As the temperature T increases, the central density ρ c which minimizes the free energy F decreases and thus the nuclear size R becomes larger. This indicates that no nucleus can be bound with a minimum value of F at high temperature due to the entropy which increases as R increases. For 
in MeV unit for SLy4. When the Helmholtz free energy F is minimized, the T dependence of energy E(A, Z, T ) at
for SKM(m * = m) and SLy4 respectively in MeV unit. The temperature dependence of energy Eq.(6) and Eqs. (11) - (14) comes from the T dependent second term in Eq.(3), the kinetic energy. Comparing Eqs. (3) and (4), we can see the entropy T S term is twice that of the T dependent part of the kinetic energy with the effective mass E * Kq =h 2 2m * q τ q . This means that the T dependence of energy originate mainly from the T dependence of the entropy and the T dependence of the free energy F = E − T S is the same as the T dependence in E with an opposite sign at low T . The entropy can be approximated as
for SKM(m * = m) and
for SLy4 in MeV unit. The volume term of Eqs. (13) - (16) has the smallest coefficient and the surface symmetry term has the largest coefficient among four terms. The minimum free energy F = E − T S of finite nuclei at low T becomes
for SKM(m * = m) and SLy4 respectively in MeV unit. The results of Table I and Eqs. (11) - (14) show the T dependence of the bulk, surface, symmetry and surface symmetry energy from T = 0 MeV to T = 3 MeV. At T = 0 the F and E are the same and thus the minimum of each of them are also the same. Eq.(3) shows a characteristic T 2 dependence coming from a nearly degenerate Fermi gases of protons and neutrons. The bulk and surface terms are similar for the two Skyrme interactions. However, a comparison of the symmetry term and surface symmetry term at T = 0 are quite different showing a sensitivity to the force used. The large variation of symmetry energy depends on the force used, which is also shown in Ref. [31] at zero temperature. (In Ref.
[31] a S a = E 2 V /E S is given instead of E S .) The SLy4 interaction has a much larger coefficients than the SKM(m * = m) interaction. Most of the difference comes from the T independent part. The T 2 dependent term of symmetry energy is much less sensitive to the force used. The volume symmetry and surface symmetry terms at T = 0 are also sensitive to the difference in neutron -proton radii [22] . However, in Ref. [32] an investigation of the neutron -proton radii difference in 208 Pb using a Skyrme-Hartree-Fock model shows a small difference of R n − R p = 0.16 fm compared to nuclear size of about 7 fm.
The results show that the magnitude of B becomes smaller as T increases while the other coefficients become larger. The bulk energy B is insensitive to the temperature having a small coefficient for the T 2 term. The surface energy E S and the volume symmetry energy S V have larger temperature dependences which are of the same order. The surface symmetry energy S S is the most sensitive to the temperature having a large coefficient in front of T 2 . The T dependent terms are insensitive to the force used. Most of the dependence on the force used appears in the T independent part of energy (see Eq. (1)). This fact shows that the T dependence comes from the kinetic energy including an effective mass term, and only the effective mass part has a dependence on force used. The interaction part which is sensitive to the force used is insensitive to the temperature. The central density ρ c or the nuclear size R which minimizes the free energy F is sensitive to the interaction used. From Table I , we can see there is a small extra T dependence beside the dominant T 2 dependence given by Eqs. (11) and (12) . Including this small extra T dependence, Eq. (11) and Eq. (12) have small corrections that are as follows. By extracting T dependence up to T 3 directly from B(T ), E S (T ), S V (T ), and S S (T ) in Table I itself, for SLy4, the T dependences of Eq. (12) The coefficients for SKM(m * = m) have the similar T dependence but less sensitive than for SLy4 case. Specifically, Eq. (11) 
This extra T dependence is due to the different density (central density ρ c ) which minimizes F for different T and causes the small variation of the coefficients in Table I as T changes and the differences between Eqs. (12) and (19) and between Eqs. (11) and (20) . The density ρ c is sensitive to the interaction used as mentioned before.
Here we used the same size of proton and neutron distribution, R p = R n . In this case the system has no neutron skin. The existence of neutron skin may affects the surface dependence of energy. However since we are interested in the temperature dependence of energy we examined the T 2 dependent term in kinetic energy (Eq,(3)) by evaluating with different values of R p and R n which are determined by requiring the correct number of Z and N with the same central density of ρ pc = ρ nc = ρ c /2 where ρ c is the total central density of the results minimizing F with R p = R n . The results are shown in Table I labeled with "T 2 (R p = R n )" which are very close to the values of "T 2 term". This shows that the effect of the different size of neutron and proton distribution is much smaller than the effect of different force parameter set. For the case of R p = R n the most asymmetry occurs in the central region while it occurs at the surface region for the case of ρ pc = ρ nc . If the overall asymmetry effects of these two extreme cases are the same then the total symmetry energy is insensitive to the existence of a neutron skin. The Weizacker expansion of Eq. (6) cannot distinguish between effects coming from different central densities and different radii. This result is shown by comparing the values in the rows of "T 2 term" and "T 2 (R p = R n )" for each case in Table I . Of course the T independent part may have a larger effect for different values of R p and R n than the T 2 dependent part. A discussion of the surface to volume symmetry energy at T = 0 can be found in Ref. [22] .
The energy expansion coefficients for some other Skyrme parameter sets with various effective masses are also shown in Table II. In Tables I and II Tables I and II show that the above discussions about the qualitative behavior of the temperature dependence of energy coefficients are independent to the force parameter sets used. Of course the quantitative values of the T dependences depend on the Skyrme parameters used. These tables show that the effect of the effective mass on the T dependence of the energy is most visible in the T 2 term of the volume energy B(T ). For smaller effective mass the T 2 dependent term of B(T ) has the tendency of becoming smaller which can be understood by Eq.(3). The other energy coefficients do not show any specific pattern of the dependence on the effective mass.
It is of interest to compare the total symmetry energy using the coefficients given in Table I for the two Skyrme interactions along the line of β stability. In particular we calculate the symmetry energy
along a simplified stability line given by
which is determined by minimizing E(Z, A) = E(A) + a sym I 2 A + a c Z 2 /A 1/3 with a c = 0.72 MeV and a sym = 24 MeV at T = 0. The
to give the symmetry energy along the line of β stability. The energy is labeled E sym,β = (S V (T )A + S S (T )A 2/3 )I in Fig.1. Fig.1 shows that the T dependence for the symmetry energy is more visible for larger A and the symmetry energy is larger for higher T . It shows also that the SKM(m * = m) parameter set has a symmetry energy which is too small.
In Fig.2 the difference ∆E sym,β between the symmetry energy E sym,β (T ) for SLy4 parameter set and the volume symmetry energy with S V = 24 MeV and S S = 0 (dotted curve in Fig.1 ). This figure shows that the symmetry energy is approximately T independent at around A = 100 with the total symmetry energy of 43 MeV for SLy4 set compared to 46 MeV for pure volume symmetry energy only. The symmetry energy for higher T is smaller than the symmetry energy for lower T at smaller A than A = 100 while this result is opposite at larger A. Differences of up to 4 MeV were found to be present in the mid mass range of finite nuclei. However for small nuclear masses and for a larger nuclear mass (A ≈ 200 for T = 0) the two choices agree for the total symmetry energy for these coefficients. This means SLy4 interaction has the total symmetry energy E sym (T ) similar to the value for E sym = 24I 2 A MeV up to A ≈ 200 for T < 3 MeV.
IV. CONCLUSIONS
This paper presented an investigation of the energy of finite nuclei using density functional theory. A Skyrme approach for the nuclear interaction was used in this study. Bulk, surface, Coulomb and both volume and surface symmetry energies are calculated for a nucleus at both zero and non-zero temperatures. It is shown that the surface symmetry energy term is the most sensitive to the temperature while the bulk energy term is the least sensitive. Understanding features associated with the volume and surface symmetry energy was the main part of this study. Specifically, the volume and surface symmetry energy coefficients S V and S S were calculated for two different Skyrme interactions, SLy4 and SKM(m * = m), and the results compared. The SLy4 interaction with a density dependent effective mass m * is in better agreement with known features of the symmetry energy of finite nuclei. The results suggest the importance of a density dependent effective mass. The results also show that the temperature T dependence of the energy is insensitive to the force used and even more insensitive to the difference of R p and R n . These results are quite different than the T = 0 results which are sensitive to the force used and the difference of R n and R p [22, 32] .
Then a comparison was made between the SLy4 Skyrme interaction results with S V (T ) and S S (T ) of Table I (S V = 31 MeV, S S = −41 MeV at T = 0) and a model without surface effects S S = 0 MeV and with a volume coefficient S V = 24 MeV. The results were compared in Figs.1 and 2 . Differences of up to 4 MeV were found to be present in the mid mass range of finite nuclei. However for small nuclear masses and for a larger nuclear mass (A ≈ 200 for T = 0) the two choices agree for the total symmetry energy for these coefficients. The volume term S V = 31 MeV in SLy4 is much larger than the typical textbook value of S V ≈ 24 MeV of the Weizsacker mass formula. The Weizsacker mass formulae with S V ≈ 24 MeV was fit to data without a surface term. Adding a surface term that reduces the symmetry energy will result in an increase in the volume coefficient. Various constraints give limits [20] [21] [22] on S V with in the range 24MeV ≤ S V ≤ 33MeV. Understanding the volume coefficient in finite nuclei is necessary in extrapolations of the symmetry energy to neutron star physics. 
For the last expression, the lower limit of the integration of y is extended from −R/a to −∞ which is a good approximation for n ≥ 1 since the symmetric factor e y /(1 + e y ) 2 peaks at y = 0 and becomes zero at ±∞. The integral part for various n are 
For n = 1, we get the constraint 
